The rigorous functional analytic description of the infinite Toda lattice is presented in the framework of the Banach Lie-Poisson structure of trace class operators. The generic coadjoint orbits of the Banach Lie group of bidiagonal bounded operators are studied. It is shown that the infinite dimensional generalization of the Flaschka map is a momentum map.
Introduction
Many important conservative systems have a non canonical Hamiltonian formulation in terms of Lie-Poisson brackets. For integrable systems, this is usually the first of two or more compatible brackets. With few notable exceptions, such as the Euler, Poisson-Vlasov, KdV, or sine-Gordon equations, for example, for infinite dimensional systems this Lie-Poisson bracket formulation is mostly formal. It is our belief that these formal approaches can be given a solid functional analytic underpinning. The present paper formulates such an approach for the infinite Toda lattice. It raises fundamental issues about the nature of coadjoint orbits for certain Banach Lie groups and it poses questions about the nature of the integrability of the Toda lattice in infinite dimensions by providing a functional analytic framework in which these problems can be rigorously formulated. The background of the present work is the paper by Odzijewicz and Ratiu [2003] where the theory of Banach Lie-Poisson spaces was developed.
The paper is organized as follows. Section 2 recalls the minimal necessary material from the aforementioned paper necessary for this work. Section 3 introduces the Banach Lie group of upper bidiagonal bounded operators and discusses the Lie-Poisson structure on the predual of its Lie algebra, the Banach space of lower bidiagonal trace class operators. Generic coadjoint orbits of this group are studied in detail in Section 3. The * x : g * → g * are also continuous for each x ∈ g.
In what follows various notions of the concept of immersion in infinite dimensions will be needed. The definitions and theorems below will show that for Banach Poisson manifolds the concept of weak immersion is the most useful.
A finite dimensional Poisson manifold is a pair (P, {·, ·}) consisting of a smooth finite dimensional manifold P and a Poisson bracket {·, ·} on the ring C ∞ (P ) of smooth functions on P , that is, {·, ·} is a Lie algebra bracket on C ∞ (P ) that satisfies the Leibniz identity in each factor. If one adopted this definition in infinite dimensions, several problems would arise. Since the value of the Poisson bracket at a given point p ∈ P depends only on the differentials df (p), dg(p) ∈ T skew symmetric contravariant tensors, the equality (see e.g. Marsden and Ratiu [1998] , §10.6) {{f, g}, h} + {{g, h}, f } + {{h, f },
shows that the Jacobi identity is equivalent to [̟, ̟] S = 0, which is an additional differential quadratic condition on ̟, called the Poisson tensor of P . Let ♯ : T * P → T * * P be the bundle map covering the identity defined by ♯ p (dh(p)) := ̟(·, dh)(p), that is, ♯ p (dh(p))(dg(p)) = {g, h}(p), for any locally defined functions g and h. Thus, X f := ̟(·, df ) = ♯(df ), or, as a derivation on functions, X f = {·, f } (which, in finite dimensions is the Hamiltonian vector field associated to f ), is a smooth section of T * * P and not, in general, a vector field on P . Requiring X f to be a vector field on P for any f ∈ C ∞ (P ), yields the definition of a Banach Poisson manifold introduced by Odzijewicz and Ratiu [2003] : a pair (P, {·, ·}) consisting of a smooth Banach manifold P and a Poisson bracket {·, ·} on C ∞ (P ) satisfying ♯(T * P ) ⊂ T P . If (P, {·, ·}) is a Banach Poisson manifold, the vector subspace
Note that S p is, in general, not a closed subspace of the Banach space T p P . The union S := ∪ p∈P S p ⊂ T P which is, in general, not a subbundle of T P , is called the characteristic distribution of the Poisson structure on P . However, the characteristic distribution S is always smooth, in the sense that for every v p ∈ S p ⊂ T p P there is a locally defined smooth vector field (namely some X f ) whose value at p is v p . Assume that the characteristic distribution is integrable. For finite dimensional manifolds this is automatic by the Stefan-Sussmann theorem (see, e.g. Libermann and Marle [1987] , Appendix 3, Theorem 3.9) which, to our knowledge, is not yet available in infinite dimensions.
Let L be a leaf of the characteristic distribution, that is,
• L is a connected smooth Banach manifold,
• the inclusion ι : L ֒→ P is a weak injective immersion,
• if the inclusion ι ′ : L ′ ֒→ P is another weak injective immersion satisfying the three conditions above and
If we assume in addition that on the leaf L
• there is a weak symplectic form ω L consistent with the Poisson structure on P , then L will be called a symplectic leaf. This consistency means that the smooth bundle map ♯ : T * P → T P associated to the Poisson tensor ̟ on P induces for each p ∈ P a bijective continuous map [♯ p ] :
Thus the weak symplectic form ω L consistent with the Poisson structure on P is unique. For finite dimensional Poisson manifolds, it is known that all leaves are symplectic (see Weinstein [1983] ) and so the last assumption above is not necessary. In the infinite dimensional case this question is open, even in the case of a Banach Lie group G whose Lie algebra g has a predual g * invariant under the coadjoint action; we shall review below what is known in that case. 
Formula (2.2) is remarkable since it guarantees the existence of Hamiltonian vector fields on the weak symplectic manifold L for a large class of functions, namely those that are pull backs to the symplectic leaf.
A smooth map φ :
A Banach Lie-Poisson space (b, {·, ·}) is defined to be a (real) Banach space b that is also a Poisson manifold satisfying the additional condition that its dual b 
(2.6) Let G be a (real) Banach Lie group, L g and R g be the diffeomorphisms of G given by left and right translations by g ∈ G respectively, and denote by g the (left) Lie algebra of G. We shall need the following statements for our discussion of the Banach Lie-Poisson geometry of the infinite Toda lattice in the next sections. 
(iii) for a fixed ρ ∈ g * the coadjoint isotropy subgroup G ρ := {g ∈ G | Ad * g ρ = ρ}, which is closed in G, is a Lie subgroup of G (in the sense that it is a submanifold of G and not just injectively immersed).
Then the Lie algebra of G ρ equals g ρ := {ξ ∈ g | ad * ξ ρ = 0} and the quotient topological space G/G ρ := {gG ρ | g ∈ G} admits a unique smooth (real) Banach manifold structure making the canonical projection π : G → G/G ρ a surjective submersion. The manifold G/G ρ is weakly symplectic relative to the two form ω ρ given by
where ξ, η ∈ g, g ∈ G, [g] := π(g) = gG ρ , and ·, · : g * × g → R is the canonical pairing between g * and g. Alternatively, this form can be expressed as
Theorem 2.4 Let the Banach Lie group G and the element ρ ∈ g * satisfy the hypotheses of Theorem 2.3. Then the map
is an injective weak immersion of the quotient manifold G/G ρ into the predual space g * . Endow the coadjoint orbit O := {Ad * g ρ | g ∈ G} with the smooth manifold structure making ι into a diffeomorphism. The push forward ι * (ω ρ ) of the weak symplectic form
for g ∈ G, ξ, η ∈ g, and ρ ∈ g * . Relative to this symplectic form the connected components of the coadjoint orbit O are symplectic leaves of the Banach Lie-Poisson space g * .
A remarkable particular situation of the theorems above is given by the following. 
(ii) the characteristic subspace
where g
• ρ is the annihilator of g ρ in g * . Endow the coadjoint orbit O := {Ad * g ρ | g ∈ G} with the manifold structure making ι a diffeomorphism. Then, under any of the hypotheses (i)-(iii), the two-form given by (2.10) is a strong symplectic form.
We shall also need later the concept of momentum map in the context of Banach Lie-Poisson spaces. A momentum map is a Poisson map J : P → b from a Banach Poisson manifold P to a Banach Lie-Poisson space b. The relation of this definition with the usual one is the following. Note that the Banach Lie algebra b * acts on (the left on)
* . This Lie algebra action obviously has J as a momentum map; however, it is not valued in 
consisting of all upper triangular operators whose diagonal and first upper diagonal vanish. Define the Banach subspace
and notice that we have the Banach space direct sum
H) the associated projection which induces an isomorphims of the quotient Banach Lie algebra L
We collect in the following proposition several facts necessary for the subsequent developments. 
* and are given by
where one sets g 00 = 1, g 01 = x 01 = ρ 10 = 0.
the open subset of I + I ∞ +,2 (H) formed by the group of all invertible upper triangular operators whose upper diagonal is identically zero. This is an Banach Lie subgroup of GL ∞ + (H) whose Lie algebra is the closed ideal I ∞ +,2 (H). It should be remarked that, unlike the situation encountered in finite dimensions, the set I+I 
With this notation, write the any g ∈ GL ∞ + (H) as
where ϕ ∈ I ∞ +,2 (H). Define the map Φ :
In order to see that Φ is correctly defined, note that Φ is the quotient of the restriction of the map Π +,2 to the open subset GL
; the map Π +,2 is easily seen to be invariant under right and left multiplication of GI ∞ +,2 (H) on GL ∞ + (H). As the quotient of a smooth map, Φ it is also smooth (Abraham, Marsden, and Ratiu [1988] , Bourbaki [1967] ).
Let us show that Φ is injective. Thus, assume that 
1 which proves (3.3). The image of Φ is characterized in the following lemma.
1 . Incidentally, this proves (3.4). Conversely, assume that the diagonal operator D 1 ∈ GL ∞ (H) and let D 2 ∈ L ∞ (H) be arbitrary. We shall find some ϕ ∈ I ∞ +,2 (H) such that D 1 + D 2 T + ϕ ∈ GL ∞ +,2 (H) in the following manner. Consider the operator
where
as is easily seen by developing the Nth power in this expression. Therefore, if ϕ :
as a product of two invertible operators. Lemma 3.2 immediately implies that a bidiagonal operator g of the form (3.2) is in the image of Φ if and only if g kk = 0 for all k ∈ N and the sequence {g kk } k∈N does not have zero as accumulation point, since these conditions are obviously equivalent for the diagonal operator diag(g 11 , g 22 , . . . ) to be invertible. This proves that im Φ = GL (ii) This is an easy consequence of the isomorphism (
(iii) This is a straightforward verification. 
−,2 (H)). Hence the Hamiltonian vector field defined by the function
and Hamilton's equations in these coordinates take the forṁ
− ∂h ∂ρ kk (3.14)
with the convention that ρ 10 = ∂h/∂ρ 10 = 0.
Generic coadjoint orbits of the bidiagonal group and the Flaschka map
In this section we shall determine and study the properties of the coadjoint orbits of the bidiagonal Banach Lie group GL
. This will be done by applying Proposition 3.1 and Theorems 2.4 and 2.5.
We begin by investigating the relationship between the Banach space ℓ ∞ × ℓ 1 and L 2 −,2 (H), where one denotes, as usual, by (ℓ ∞ , · ∞ ) and (ℓ 1 , · 1 ) the Banach spaces of bounded and absolutely convergent real sequences. Recall that if q = (q k ) ∈ ℓ ∞ and p = (p k ) ∈ ℓ 1 , the respective norms are given by
The spaces ℓ ∞ and ℓ 1 are in duality, that is, (ℓ 1 ) * = ℓ ∞ relative to the duality pairing
Thus the space ℓ ∞ × ℓ 1 is naturally a weak symplectic Banach space relative to the canonical weak symplectic form
for q, q ′ ∈ ℓ ∞ and p, p ′ ∈ ℓ 1 . As a differential form, in the coordinates q k , p k , ω can be written symbolically as
For any fixed λ ∈ ℓ 1 satisfying λ k = 0 for all k ∈ N, define the action of the Banach Lie group GL + ,2 (H) by
with the convention that λ 0 = 0, g 00 = 1. From the property
we obtain by a direct calculation that (σ λ g ) * ω = ω for any g ∈ GL +,2 (H), that is, the action (4.5) is symplectic.
We shall define below a momentum map
as defined in §2, which will be also GL +,2 (H)-equivariant relative to the action (4.5) on ℓ ∞ × ℓ 1 and the coadjoint action on L 1 −,2 (H).
is a smooth map of Banach spaces constant on the orbits of the subgroup R + I := {αI | α > 0} ⊂ GL +,2 (H). Additionally, one has
Proof. To prove the smoothness of J λ we proceed in the following way. First, note that L 1 −,2 (H) is isomorphic as a Banach space to
Second, note that the first component of J λ is the identity map, so it is smooth. Third, we shall write the second component of J λ as the composition of three smooth maps, which will prove that it is also smooth. These three maps are the following. The first one is the linear continuous map q ∈ ℓ ∞ → T q − q, where T is the shift operator. The second one is the exponential map on sequences given by q ∈ ℓ ∞ → e q := (e q k ) ∈ ℓ ∞ which is smooth. The third one is the linear continuous map q ∈ ℓ ∞ → λq := (λ k q k ) ∈ ℓ 1 . Formula (4.5) immediately shows that J λ is constant on the orbits of R + I, that is,
Since ℓ ∞ × ℓ 1 is a weak symplectic manifold, one cannot take the Poisson bracket of two arbitrary functions. We shall show below that this can be done if the functions are of the form f
∞ is a Banach space isomorphism, the derivative Df (ρ) can be written as a pair of sequences ((∂f /∂ρ kk ), (∂f /∂ρ k+1,k )) ∈ ℓ ∞ × ℓ ∞ representing the diagonal and upper diagonal of an operator in L ∞ +,2 (H). Therefore, if (δq, δp) ∈ ℓ ∞ × ℓ 1 , we make the convention that all sequence elements with at least one index equal to zero vanish, and we suppress the point of evaluation J λ (q, p) of the partial derivatives of f , we have by (4.3)
which shows that the Hamiltonian vector field of f • J λ is defined and it is equal to
since the sequence in the second component is an element of ℓ 1 because of the factors of λ j in each summand that represents a bounded sequence. The Poisson bracket is thus equal to
by (3.12) and (4.6). This proves (i). Part (ii) is a direct verification.
Motivated by this proposition, in analogy with the finite dimensional case (Flaschka [1974] ), we shall call the momentum map J λ the Flaschka map.
Let us observe now that the stabilizer group GL
In what follows we shall always assume that this condition holds. Since R + I is a normal Banach Lie subgroup of GL ∞ +,2 (H), the quotient group GL ∞ +,2 (H)/R + I is also a Banach Lie group (Bourbaki [1972] ). For the element [g] ∈ GL ∞ +,2 (H)/R + I define the homogeneous coordinates
implements the diffeomorphism of the quotient group GL ∞ +,2 (H)/R + I with the GL
In the homogeneous coordinates (4.7) this maps takes the following form
where the sequences (ρ 
we shall express the weak symplectic form ω ρ 0 in the homogeneous coordinates µ k , γ k defined in (4.7). We begin by noticing that the canonical projection
In view of (4.10), we need to compute the expression of
taking the curve h(t) given by h kk (t) = e tx kk and h k,k+1 (t) = tx k,k+1 which satisfies h(0) = I andḣ(0) = X, immediately gives
where in the last equality we used (4.7). Thus ∂/∂γ k is of the form (4.12) if one chooses X ∈ L ∞ +,2 (H) to be given by x 11 = · · · = x kk = 0, x k+m,k+m = 1/γ k for any m ∈ N, x n,n+1 = 0 for n = k, and x k,k+1 = −µ k /γ k . Similarly the choice of X ∈ L ∞ +,2 (H) given by x nn = 0 for all n ∈ N, x m,m+1 = 0 for m = k, and x k,k+1 = 1 yields ∂/∂µ k of the form (4.12). With these choices, a direct verification using (4.10) yields
for all k, n, p ∈ N such that k = p, and
This shows that the symplectic form (4.10) in the homogeneous coordinates γ k , µ k equals
Since the stabilizer algebra L +,2 (H) ρ 0 = RI, it follows that its annihilator is
Because tr(ad * X ρ) = 0 for any X ∈ L +,2 (H) by (3.7), this shows that S ρ 0 ⊂ (RI)
• , where
−,2 (H) has non closed range im K ρ 0 = S ρ 0 and thus the inclusion S ρ 0 ⊂ (RI)
• is strict. To see that the range of K ρ 0 is not closed, one uses the Banach space isomorphisms
shows that the two components of K ρ 0 are both bounded linear operators with non closed range. Therefore Theorem 2.5 implies that ι ρ 0 is only a weak immersion. The symplectic form ω ρ 0 is not strong. Indeed, if it were strong, then it would immediately follow that ℓ ∞ is isomorphic to its dual, which is known to be false.
Define the map Φ ρ 0 (g) : 14) or, in coordinates,
The prior formula shows that Φ ρ 0 is smooth and injective. 
Theorem 4.2 The following diagram
for any g ∈ GL ∞ +,2 (H).
Proof. The commutativity of the diagram is an easy direct verification using (4.8), (4.15), (4.6), and (3.6). A direct verification using (4.13) , (4.11), and (4.4) shows that Φ * ρ 0 ω = π * ω ρ 0 . The identity (4.17) is also obtained by an easy direct verification.
The analysis of the coadjoint orbit through the generic element ρ 0 ∈ L 1 −,2 (H) (that is, ρ 0 k+1,k = 0 for every k ∈ N) carried out in this section shows that it is diffeomorphic to ℓ ∞ × ℓ ∞ and that these two spaces are Lagrangian in the sense that they coincide with their symplectic orthogonals, as (4.13) immediately implies. This is the same phenomenon that one encounters in finite dimensions. However, in this case, L 1 −,2 (H) does not coincide with only one orbit, unlike the finite dimensional case when bidiagonal traceless matrices are symplectomorphic with the product of two Euclidean spaces. Each such generic orbit is only weakly symplectic and Poisson injectively immersed in L 1 −,2 (H) but not equal to it. In addition to the value of the trace, there are other, analytic, invariants that distinguish the orbits, such as the rate of convergence to zero of the ℓ 1 sequence of upper diagonals. Also, in contrast to the finite dimensional case, the Flaschka map J λ , which is canonical on its own domain of definition, does not provide a weak symplectic diffeomorphism of the generic coadjoint orbit with a product of a Banach space and its dual. The diagram above elucidates the relationship of the orbit O ρ 0 with the canonical weak symplectic Banach space ℓ ∞ × ℓ 1 .
The infinite Toda lattice
In order to establish a link with the infinite Toda lattice, we define the sequence of functions
is the total energy of the infinite Toda lattice. If k = 1, then
is the total momentum of the Toda lattice. Hamilton's equations (3.14) become for h 2
It turns out that the infinite Toda lattice has the same type of integrals in involution as it the finite dimensional case. We hasten to add here that this does not imply by itself that this system is integrable on a generic coadjoint orbit. In fact, it is quite unlikely that the algebraic integrals discussed below would suffice to prove integrability, since they are all deduced from Casimir functions of L 1 (H) and, as we have seen in the previous section, there are other non algebraic invariants that distinguish generic coadjoint orbits of GL
We shall prove below a version of an involution theorem combining the KostantSymes and the Mishchenko-Fomenko [1978] involution theorems for L 1 −,2 (H) with the goal to show that for each fixed a := ∞ n=1 a k |k k +1| ∈ L 1 (H), that is, ∞ n=1 |a k | < ∞, the functions h k (ρ) := tr(ρ + a) k /k, k ∈ N, are in involution relative to the Poisson bracket {·, ·} L 1 −,2 (H) . The proof turns out to follow the finite dimensional one (see Kostant [1979] or Ratiu [1978] ).
Decompose L 1 (H) = L 
